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Introduction

In this talk we consider the system of the Integrable Discrete Nonlinear
Schrödinger (IDNLS) equations

i
d

dτ
un = un+1 − 2un + un−1 − un+1wnun − unwnun−1,

−i
d

dτ
wn = wn+1 − 2wn + wn−1 −wn+1unwn −wnunwn−1,

where n is an integer labeling “position” and un and wn are N ×M and M × N
matrix functions depending on “time” τ ∈ R.

When wn = −u†n we have the so-called focusing case.
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Introduction

Because the IDNLS can be seen as a finite difference approximation of the matrix
NLS, it has the same applications of the matrix NLS, i.e.

electromagnetic wave propagation in nonlinear media;

surface waves on deep waters;

signal propagation in optical fibers.
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Introduction

Important dates on the IDNLS:

Ablowitz and Ladik (1975-1976) were the first authors to show that IDNLS
can be solved via the IST. In these works they only considered the scalar case.

Gerdjikov and Ivanov (1981-1984) developed the direct and inverse scattering
theory of the discrete Zakharov-Shabat system in the matrix case.

Tsuchida, Ujino and Wadati (2002) and Ablowitz, Prinari,Trubatch (2004)
applied the IST to the matrix IDNLS.

It is worthwhile to remark that also other techniques can be applied to solve the
IDNLS. For example, the Hirota method can be used to derive some special
solutions (in fact, D. Cai, A.P. Bishop, and N. Grønbech-Jensen did it to obtain
the breather solutions to the IDNLS).
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Description of Method

Representing the kernels of the Marchenko equation in a separated form by using
two triplets of constant matrices, we explicitly solve the Marchenko equations by
separation of variables.

Our main result (for the focusing case) is as follows:
Starting from two “suitable” triplets of matrices, we get the following explicit
solution formula

un(τ) = −2B†[A†2(n+1)
e iτ(A†−A†−1

)2

+4QA−2(n+2)e iτ(A−A−1)2

NA†−2
]−1C†,

where

Q =
∞∑
σ=0

A†−2σC†CA−2σ, N =
∞∑
σ=0

A−2σBB†A†−2σ
.
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Advantages

In particular, we get the following advantages:

We obtain a compact solution formula in terms of two triplets of matrices.
These solutions can be unzipped as a compound of polynomial, exponential
and trigonometric functions by using Mathematica or Matlab.

Choosing the triplets in an appropriate way, we can see that our formula
contains the N-soliton and breather solutions as special cases (but also the
multipole solutions).

Our procedure also allows us to overcome the assumption (made in order to
obtain appropriate symmetry properties of its scattering data)

unwn = wnun = cnIN , n ∈ Z, (1)

where {1− cn}∞n=−∞ is a sequence of nonzero scalars.
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Discrete Zakharov-Shabat System

In order to solve the initial-value problem for the IDNLS by using the inverse
scattering transform (IST) method, it is necessary to build the direct and inverse
scattering for the following so-called matrix discrete Zakharov-Shabat (Z-S)
system

vn+1 =

(
zIN un
wn z−1IM

)
vn,

where z is the (complex) spectral parameter and IN − unwn is assumed
nonsingular for each n ∈ Z (which is always true in the focusing case) and the
potentials {un}∞n=−∞ and {wn}∞n=−∞ satisfy the `1-condition

∞∑
n=−∞

{‖un‖+ ‖wn‖} < +∞,

and ‖ · ‖ denotes any matrix norm.
We do not assume the quasiscalarity assumption (which implies N = M and is
always satisfied for N = M = 1)

unwn = wnun = cnIN , n ∈ Z,

where {1− cn}∞n=−∞ is a sequence of nonzero complex numbers.
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Direct and Inverse Scattering of the Zakharov-Shabat
System

We recall that

THE DIRECT SCATTERING consists of: Determine the reflection coefficients, the
bound states [poles of tr (λ)], and norming constants from the potentials un,wn.

THE INVERSE SCATTERING consists of: Reconstruct the potentials un,wn from
one reflection coefficient, the bound states, and the norming constants.
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Direct Scattering: Jost Solutions

Let us define the four Jost solutions φn(z), φ̄n(z), ψn(z), and ψ̄n(z) as those
(N + M)× N, (N + M)×M, (N + M)×M, and (N + M)× N matrix solutions
to the discrete Z-S system

φn(z) ∼ zn

(
IN

0MN

)
, φ̄n(z) ∼ z−n

(
0NM

IM

)
, n→ −∞,

ψn(z) ∼ z−n
(

0NM

IM

)
, ψ̄n(z) ∼ zn

(
IN

0MN

)
, n→ +∞.
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Jost Solutions

We can consider the (N + M)× (N + M) matrices(
φn(z) φ̄n(z)

)
,

(
ψ̄n(z) ψn(z)

)
.

We have used two colors because znψn(z) and z−nφn(z) are continuous in |z | ≥ 1
and are analytic in |z | > 1 (RED), while z−nψ̄n(z) and znφ̄n(z) are continuous in
|z | ≤ 1 and analytic in |z | < 1 (BLUE).

We have (
φn(z) φ̄n(z)

)
=
(
ψ̄n(z) ψn(z)

)
T(z),(

ψ̄n(z) ψn(z)
)

=
(
φn(z) φ̄n(z)

)
T̄(z),

where IN − unwn (and hence IM −wnun) is nonsingular for each n ∈ Z and

T(z)
def
=

(
a(z) b̄(z)
b(z) ā(z)

)
, T̄(z)

def
=

(
c̄(z) d(z)
d̄(z) c(z)

)
,

are called the transition coefficient matrices.
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Scattering matrices

Using the analiticity properties of the Jost solutions, we arrive at the following
Riemann-Hilbert problem(

ψ̄n(z) φ̄n(z)
)

=
(
φn(z) ψn(z)

)
JS(z)J, |z | = 1,(

φn(z) ψn(z)
)

=
(
ψ̄n(z) φ̄n(z)

)
JS̄(z)J, |z | = 1,

where J = IN ⊕ (−IM)

S(z) =

(
tr (z) `(z)
ρ(z) tl(z)

)
, S̄(z) = S(z)−1 =

(
t̄l(z) ρ̄(z)
¯̀(z) t̄r (z)

)
.

are called the scattering matrices. Morever, if there are no spectral singularities

ρ(z) =
∞∑

s=−∞
z s ρ̂(s), ρ̄(z) =

∞∑
s=−∞

z−s ˆ̄ρ(s),

¯̀(z) =
∞∑

s=−∞
z s ˆ̄̀(s), `(z) =

∞∑
s=−∞

z−s ˆ̀(s).
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Inverse Scattering Problem

In order to (re)-construct the potential we have the following procedure:

1 Given the scattering data {`(z), ζk , Cj} and {¯̀(z), ζ̄k , C̄j}, we build the
following kernels

F(j) = ˆ̀(j) +
∑
k

ζ
−(j+1)
k Ck , F̄(j) = ˆ̄̀(j)−

∑
k

ζ
j−1

k C̄k .

2 Using the function F(j) and F̄(j), we can consider the following Marchenko
equation

L
up

(n, n − 2σ − 1) = −F(2[n − σ]− 1)

+
∞∑

σ′=0

L
up

(n, n − 2σ′ − 1)
∞∑

σ′′=1

F̄(2[n − σ′ − σ′′]− 1)F(2[n − σ′′ − σ]− 1),

3 The potential un (wn can be derived by considering a similar Marchenko
equation) are connected to the above equations by means of the following
relationship

un = −L
up

(n + 1, n).
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Remarks

Remark 1: The relation
un = −L

up
(n + 1, n),

holds also if the quasiscalarity condition (unwn = wnun = cnIN , n ∈ Z,) is NOT
satisfied.

Remark 2: It is well known that the discrete spectrum of the discrete Z-S system
is invariant under sign inversion. Then we have

the transmission coefficients are even functions of z .

the reflection coefficients are odd functions of z .

the functions ˆ̀(s), ˆ̄̀(s) (as well as ρ̂(s), ˆ̄ρ(s)) vanish if s is even.

the Marchenko kernels F(j) and F̄(j) vanish if j is even.
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Kernels in terms of the matrix triplets

Taking into account the properties of the kernels Fl(j) and F̄l(j), we assume the
following representation for these kernels

F(j) = ˆ̀(j) + [1 + (−1)j+1]CA−(j+1)B,

F̄(j) = ˆ̄̀(j) + [1 + (−1)j+1]C̄Āj−1B̄,

where the triplets (A,B,C ), (Ā, B̄, C̄ ) are in the following form:

A =

(
A 0
0 −A

)
, B =

(
B
B

)
, C =

(
C C

)
,

Ā =

(
Ā 0
0 −Ā

)
, B̄ =

(
B̄
B̄

)
, C̄ =

(
C̄ C̄

)
.

Moreover, these triplets have to satisfy the following properties:

A has only eigenvalues of modulus larger than one.

Ā is nonsingular matrix which has only eigenvalues of modulus less than one.
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Explicit Solutions to the Marchenko Equations

Substituting the two expressions of the kernels into the Marchenko equation, we
get

L
up

(n, n − 2σ − 1) = −2CA2[n−σ−1]B

+ 4
∞∑

σ′=0

L
up

(n, n − 2σ − 1)
∞∑

σ′′=1

C̄Ā−2[n−σ′−σ′′]B̄CA2[n−σ′′−σ−1]B.

If we look for a solution in the following form

L
up

(n, n − 2σ − 1) = H(n)A2[n−σ−2]B

and define

Q =
∞∑
σ=0

Ā2σB̄CA−2σ, N =
∞∑
σ=0

A−2σBC̄Ā2σ,

we obtain

H(n) = −2CA2[I − 4A2(n−2)NĀ−2(n−1)N ]−1.
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Solutions of IDNLS

Since

L
up

(n, n − 2σ − 1) = −2CA2[I − 4A2(n−2)NĀ−2(n−1)N ]−1A2[n−σ−2]B,

and recalling that un = −L
up

(n + 1, n), we get

un = −2C[A−2n − 4NĀ−2nQA−2]−1B.

Starting from the equation

Ldn(n, n − 2σ − 1) = −F̄(2[n − σ]− 1)

+
∞∑

σ′=0

Ldn(n, n − 2σ′ − 1)
∞∑

σ′′=1

F(2[n − σ′ − σ′′]− 1)F̄(2[n − σ′′ − σ]− 1)

whose solution is related to IDNLS solution by wn = −Ldn(n + 1, n), and
proceeding in the (essentially) same way we get

wn = −2C̄[Ā2(n+1) − 4QA2(n−1)NĀ2]−1B̄.
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The time dependence

The final step to obtain the solutions of the IDNLS system consists of considering
the time dependence of the scattering data. When the reflection coefficients
vanish, the kernels must satisfy the following

i
d

dτ
F(n; τ) = F(n + 2; τ)− 2F(n; τ) + F(n − 2; τ),

−i
d

dτ
F̄(n; τ) = F̄(n + 2; τ)− 2F̄(n; τ) + F̄(n − 2; τ),

and hence the kernels depending on time can be chosen as

F(j ; τ) = 2CA−(j+1)e iτ(A−A−1)2

B,

F̄(j ; τ) = 2C̄e−iτ(Ā−Ā−1)2

Āj−1B̄.
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CRUCIAL OBSERVATION:

Let us consider the kernels

F(j) = 2CA−(j+1)B,
F̄(j) = 2C̄Āj−1B̄.

Making the following changes

B 7→ e iτ(A−A−1)2

B, C̄ 7→ C̄e−iτ(Ā−Ā−1)2

,

and leaving unchanged A, C, B̄, we get

F(j ; τ) = 2CA−(j+1)e iτ(A−A−1)2

B,

F̄(j ; τ) = 2C̄e−iτ(Ā−Ā−1)2

Āj−1B̄,

which are the kernels depending on time. Under the substitutions above indicated
we also have

N 7→ e iτ(A−A−1)2

N e−iτ(Ā−Ā−1)2

while Q remains unchanged.
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Solutions of the IDNLS

Then executing the substitutions

B 7→ e iτ(A−A−1)2

B, C̄ 7→ C̄e−iτ(Ā−Ā−1)2

,

N 7→ e iτ(A−A−1)2

N e−iτ(Ā−Ā−1)2

,

and leaving unchanged A, C, B̄, and Q into the expression

un = −2C[A−2n − 4NĀ−2nQA−2]−1B
wn = −2C̄[Ā2(n+1) − 4QA2(n−1)NĀ2]−1B̄

we get the solution to the IDNLS equation, i.e.

un(τ) = −2C[A−2ne iτ(A−A−1)2

− 4N e iτ(Ā−Ā−1)2

Ā−2nQA−2]−1B,

wn(τ) = −2C̄[Ā2(n+1)e−iτ(Ā−Ā−1)2

− 4QA2(n−1)e−iτ(A−A−1)2

NĀ2]−1B̄.
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The focusing case

Relating the matrix triplets in the following way:

Ā = A†−1
, B̄ = A†−1C†, C̄ = −B†A†−1

,

the Marchenko kernels satisfy the relation

F̄(j) = −F(j)†,

which characterize the focusing case. Introducing the quantity

Q =
∞∑
σ=0

A†−2σC†CA−2σ, N =
∞∑
σ=0

A−2σBB†A†−2σ
,

we can written the general solutions before found as

un(τ) = −2C[A−2ne iτ(A−A−1)2

+ 4NA†2(n−1)
e iτ(A†−A†−1

)2

QA−2]−1B.

Moreover, we can easily verify that

wn(τ) = −un(τ)†, n ∈ Z.
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Continuous Matrix Limit

We note that

i
d

dt
Un =

Un+1 − 2Un + Un−1

h2
−Un+1WnUn −UnWnUn−1,

−i
d

dt
Wn =

Wn+1 − 2Wn + Wn−1

h2
−Wn+1UnWn−WnUnWn−1,

is the discretization of the continuous matrix NLS system

iUt = Uxx − 2UWU,

−iWt = Wxx − 2WUW,

obtained by using the following finite differencing scheme:

Un(t) = U(nh, t), Wn(t) = W(nh, t).

The system with unknowns Un,Wn reduce to the “our” IDNLS system (i.e. the
system independent from h and having un,wn as unknowns) if we make the
following rescaling:

un = hUn, wn = hWn, τ = (t/h2).
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Continuous Matrix Limit

By using our solution formula (in the focusing case) and taking into account
that τ = (t/h2), we can write

Un =
un
h

= −2

h
C[A−2ne ih−2t(A−A−1)2

+ 4NA†2(n−1)
e ih−2t(A†−A†−1

)2

QA−2]−1B.

Let us now consider the following rescale of the matrix triplet (A,B, C) as follows:

A 7→ ehA, B 7→
√

hB, C 7→
√

hC.

First we observe that

e iτ(A−A−1)2

7→ e4it( sinh(hA)
h )

2

∼ e4itA2

as h→ 0+.

To see the effect of the rescaling on the formula for Un we have to understand
how Q and N change.
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Continuous Matrix Limit

Under the rescaling before introduced, for the matrix Q we obtain

Q =
∞∑
j=0

A†−2jC†CA−2j 7→ h
∞∑
j=0

e−2jhA†C†Ce−2jhA '
∫ ∞

0

dz e−2zA†C†Ce−2zA = 1
2 Q

where Q =
∫∞

0
dz e−zA

†
C†Ce−zA and we have used the trapezoid rule∫ ∞

0

dx F (x) ∼ h
{1

2
F (0) +

∞∑
j=1

F (jh)
}
.

Making very similar calculations for the matrix N, we get N = 1
2 N where

N =

∫ ∞
0

dz e−zABB†e−zA
†
.
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Continuous Matrix Limit

Finally we can write the expression of Un under the rescaling of the triplets. We
have

Un(t) = 2C[e−2nhAe4it( sinh(hA)
h )

2

+ 4
N

2
e2nhA†e−2hA†e

4it

(
sinh(hA†)

h

)2

Q

2
e−2hA]−1B ,

and if we calculate the limit of the preceding equation as the stepsize h goes to
zero while x = nh, we get

Un ∼ −2C
[
e−2xAe4itA2

+ Ne2xA†e4itA†
2

Q
]−1

B .

But this is the solution formula for the mNLS equation obtained by using the
triplet method!
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An example

In the focusing case we have the following relationships between the triplets

Ā = A†−1
, B̄ = A†−1C†, C̄ = −B†A†−1

.

If we choose the triplets as A =
(
3
)
, B =

(
2
)
, C =

(
1 1

)
, the previous relations

hold. The solutions of the corresponding Stein equations are

Q =
(

81
40

)
, N =

(
81
20

)
.

We easily calculate (by hand or by using computer algebra) the potentials un(τ)
and wn(τ) via formulas before found, obtaining

un(τ) =


−4

3−2ne
64
9 it + 1

200 34+2ne
64
9 it

−4

3−2ne
64
9 it + 1

200 34+2ne
64
9 it


wn(τ) =

(
4

3−2ne
64
9 it + 1

200 34+2ne
64
9 it

4

3−2je−
64
9 it + 1

200 34+2ne−
64
9 it

)
.
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Example: Plots of the Rectangular Solutions
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Figura: Real part of the first component of un(τ) for n fixed (on the left) and t fixed (on
the right).

I’m greatly indebted to Antonio Aricò and Giuseppe Rodriguez for their assistance
in developing the Mathematica code.
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Thank you for your attemption!!!
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Q, N satisfy uniquely the following (matrix) equation

Q− Ā2QA−2 = B̄C, N −A−2NĀ2 = BC̄,

Q and N are the unique solutions of the Stein equations

Q−A†−2
QA−2 = C†C,

N−A−2NA†−2
= BB†.

Q = A†−1
Q, N = −NA†−1

.
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