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Parabolic equations and the bounded slope condition

Verena Bögelein

Universität Salzburg

verena.boegelein@sbg.ac.at

In this talk we discuss the existence of Lipschitz-continuous solutions to the Cauchy-Dirichlet problem
of evolutionary partial differential equations{

∂tu− divDf(Du) = 0 in Ω× (0, T ),

u = u0 on (∂Ω× (0, T )) ∪ (Ω× {0}).

The only assumptions needed are the convexity of the generating function f : Rn → R, and the
classical bounded slope condition on the initial and the lateral boundary datum u0 ∈W 1,∞(Ω).

We emphasize that no growth conditions are assumed on f and that – an example which does
not enter in the elliptic case – u0 could be any Lipschitz initial and boundary datum, vanishing
at the boundary, and the boundary may contain flat parts, for instance Ω could be a rectangle in
Rn. The results have been established in a joint work with F. Duzaar, S. Signoriello, and P.
Marcellini.

Two positive solutions for elliptic Dirichlet problems

Gabriele Bonanno

Università degli Studi di Messina

bonanno@unime.it

Our aim is to present a two nonzero critical points theorem for differentiable functionals. Our main
tools are a local minimum result and the classical Ambrosetti-Rabinowitz theorem that, through
an appropriate combination, allow to obtain two nonzero critical points. In fact, once obtained the
first nonzero critical point by the local minimum theorem, a direct application of the mountain pass
theorem enables to get the second critical point that, in general, can be zero. Instead, by a suitable
reasoning, it is guaranteed that also the second critical point must be nonzero. As an example, here,
we investigate nonlinear elliptic Dirichlet problems, where, in particular, a suitable condition on the
nonlinearity which is more general than the sublinearity at zero.

Existence and multiplicity of solutions for a Dirichlet problem with the p-Laplacian

Pasquale Candito

Università degli Studi Mediterranea di Reggio Calabria

pasquale.candito@unirc.it

The aim of this talk is to present some existence and multiplicity results for the following differential
problem

−∆pu = λf(u) in Ω, u|∂Ω
= 0,
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where ∆pu := div(|∇u|p−2∇u) is the p-Laplacian operator, 1 < p < +∞, Ω ⊂ RN is a bounded
domain with a smooth boundary, f : R→ R is a continuous function satisfying a standard subcritical
growth condition and λ is a positive parameter.

In particular, two existence results are discussed: the first one is obtained by applying the pseudo
monotone operators theory and the Schauder’s fixed point theorem and the second one by using a
recent local minimum theorem for functionals depending on parameters.

Next, multiplicity results are proved by combining truncations techniques with variational methods.

Closed-form soliton solutions for the Heisenberg Ferromagnetic Chain Equation

Francesco Demontis

Università degli Studi di Cagliari

fdemontis@unica.it

Many nonlinear differential equations can be solved via the Inverse Scattering Transform (IST).
In this talk, after a brief introduction of the IST, we consider an interesting nonlinear differential
equation: the Heisenbreg Ferromagnetic Chain Equation (HFCE) which reads as

~mt = ~m ∧ ~mzz ,

where ~m(z, t) ∈ R3 is a vector function satisfying ~m(z, t)→ ~e3 as z → ±∞ and ‖~m(z, t)‖ = ‖~e3‖ = 1
with ~e3 = (0, 0, 1)T , and ∧ denotes the vector product.

The IST for that model was first developed by Takhtajan in 1977 [1] and, successively, by using
the same ideas presented in this paper, other researchers applied the IST method for models which
generalize the HF equation, such as the Landau-Lifshitz-Gilbert equation.

In this talk, we develop in a rigorous way the IST method for the HF equation, filling some gaps
presented in the literature, and constructing an explicit soliton solution formula. Our formula
contains, as a special case, the (magnetic-droplet) 1-soliton solution already known for the HF
equation. Several examples, including the 1- and 2-soliton solutions, will be discussed.

This is a joint work S. Lombardo, M. Sommacal, C. van der Mee and F. Vargiu.
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The obstacle problem for the total variation flow

Frank Duzaar

Universität Erlangen-Nürnberg

duzaar@math.fau.de

We prove existence results for the obstacle problem related to the total variation flow. For sufficiently
regular obstacles the solutions are obtained via the method of minimizing movements. The results
for more general obstacles are derived by approximation with regular obstacles in the sense of
a stability property of solutions with respect to the obstacle. Finally, we present the treatment
of the evolutionary counterpart of a classical stationary result concerning minimal surfaces with
thin obstacles by means of the (n−1)-dimensional variational measure introduced by De Giorgi,
Colombini & Piccinini. The results have been established in a joint work with V. Bögelein and
C. Scheven.
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Two solutions for a singular elliptic problem indefinite in sign

Francesca Faraci

Università degli Studi di Catania

ffaraci@dmi.unict.it

Singular problems arise in the study of non-Newtonian fluids, boundary layer phenomena for viscous
fluids, chemical heterogeneous catalysts, as well as in the theory of heat conduction in electrically
conducting materials. An increasing attention to singular stationary or evolution equations has been
paid in the last decades.

In the present talk we deal with a singular elliptic problem involving a nonlinearity which is indefinite
in sign: {

−∆u = (λus−1 − ur−1)χ{u>0} in Ω

u = 0 on ∂Ω,
(Pλ)

where Ω is a bounded domain in RN (N ∈ N) with smooth boundary ∂Ω, 0 < r ≤ 1 < s < 2, λ is a
positive parameter and χ{u>0} the characteristic function corresponding to the set {u > 0}.
We answer to a conjecture of Montenegro & Silva [2] about the existence of a positive solution
for the above problem and prove the following:

Theorem. There exists Λ > 0 such that problem (Pλ) has no positive solution for λ < Λ and two
distinct nontrivial nonnegative weak solutions for λ > Λ. One of them belongs to int(C1

0 (Ω)+) and
corresponds to a local minimum point of the energy functional associated to problem (Pλ).

We point out that the energy functional associated to (Pλ) is not Gâteaux differentiable in the

Sobolev space W 1,2
0 (Ω) and the classical critical point theory does not apply. In our proof truncation

techniques and variational arguments are employed.
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Sensitivity analysis for the Lp Hardy constant

Pier Domenico Lamberti

Università degli Studi di Padova

lamberti@math.unipd.it

Given a bounded domain Ω in Rn and p ∈]1,∞[, the Lp Hardy constant Hp is the best constant for
the Hardy inequality∫

Ω

|∇u|pdx ≥ c
∫

Ω

|u|p

distp(x, ∂Ω)
dx , for all u ∈W 1,p

0 (Ω).

In this talk we present monotonicity, continuity and differentiability results concerning the dependence
of Hp on p. Time permitting, we shall also discuss the dependence of such constant on Ω.

The focus is on non-convex domains in which case the value of Hp is in general not explicitly known.
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Multiple solutions to a Robin problem with indefinite weight and asymmetric reaction

Salvatore A. Marano

Università degli Studi di Catania

marano@dmi.unict.it

Let Ω be a bounded domain in RN having a smooth boundary ∂Ω, let a ∈ Ls(Ω), and let f : Ω×R→ R
be a Carathéodory function. The semilinear elliptic equation with indefinite unbounded potential

−∆u+ a(x)u = f(x, u) in Ω

has been widely investigated under Dirichlet or Neumann boundary conditions. If a(x) ≡ 0 then
the case of asymmetric nonlinearities f , meaning that t 7→ f(x, t)t−1 crosses at least the principal
eigenvalue of the relevant differential operator as t goes from −∞ to +∞, was also studied.

This talk treats equations having both difficulties under Robin boundary conditions. Hence, for a(x)
bounded only from above, s > N , and β ∈W 1,∞(∂Ω) nonnegative, we consider the problem

(1)

−∆u+ a(x)u = f(x, u) in Ω,
∂u

∂n
+ β(x)u = 0 on ∂Ω.

Our assumptions on the reaction f at infinity are essentially the following.

• There exists k ≥ 2 such that λ̂k ≤ lim inf
t→−∞

f(x, t)

t
≤ lim sup

t→−∞

f(x, t)

t
≤ λ̂k+1,

• lim sup
t→+∞

f(x, t)

t
≤ λ̂1, and lim

t→+∞

[
f(x, t)t− 2

∫ t

0

f(x, τ)dτ

]
= +∞ uniformly in x ∈ Ω.

Here, λ̂n denotes the nth-eigenvalue of the problem∆u+ a(x)u = λu in in Ω,
∂u

∂n
+ β(x)u = 0 on ∂Ω.

If an additional condition on the behavior of t 7→ f(x, t)t−1 as t→ 0 holds then we obtain at least
two nontrivial C1-solutions to (1), one of which is positive. Finally, a third nontrivial C1-solution
exists once

f(x, ·) ∈ C1(R) and sup
t∈R
|f ′t(·, t)| ∈ L∞(Ω).

A variational approach to parabolic equations and systems via the calculus of
variations

Paolo Marcellini

Università degli Studi di Firenze

marcellini@math.unifi.it

We introduce the notion of ”variational solutions”, also named ”parabolic minimizers”, to a class of
evolutionary problems possessing a variational structure. The advantage of these variational solutions
stems from the fact that they might exist even in situations where the associated nonlinear parabolic
system makes no sense. We should compare with the stationary case, where it is possible to establish
the existence of minimizers by the direct methods of the calculus of variations in fairly general
situations, whereas additional stronger assumptions are needed to guarantee that the minimizers
fulfill the Euler-Lagrange system. Under reasonable assumptions, such as coercivity and convexity
of the energy function, the variational solution exists and is unique. Under further natural growth
conditions, the variational solution is also the unique weak solution to the associated Cauchy-Dirichlet
problem. This is a joint collaboration with V. Bögelein and F. Duzaar.
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Blow-up phenomena in a parabolic-parabolic Keller Segel system

Monica Marras

Università degli Studi di Cagliari

mmarras@unica.it

In 1970 E. Keller and L. Segel derived a mathematical model which describes the dynamics of a cells
population, due to a chemical substance produced by the population itself (see [1]). The number of
mathematicians studying biological and medical phenomena and problems is continuously increasing
in recent years. One such biological topic is the movement of population densities or the movement
of single particles.

We investigate the question of blow-up for nonnegative classical solutions of a parabolic-parabolic
Keller Segel type system, defined in a bounded domain and under different boundary conditions
(see [2] and [3]). Under conditions on data and geometry of the spatial domain, explicit lower bounds
for the blow-up time are derived.
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Regularity of solutions to quasilinear elliptic systems

Elvira Mascolo

Università degli Studi di Firenze

mascolo@math.unifi.it

We present some recent results on the regularity of weak solutions to quasilinear systems and/or
local minimizers to vector-valued integral functionals. We consider systems and functionals under
non standard p− q growth conditions. Moreover, in this context the existence of weak solutions is
also examined.

Maximization and minimization problema involving symmetric obstacles

Giovanni Porru

Università degli Studi di Cagliari

porru@unica.it

We investigate how to place an obstacle B within a bounded domain Ω ⊂ R2 so as to maximize the
energy integral (or the principal Dirichlet eigenvalue) for the Laplacian in Ω. The geometry of the
obstacle B is given a priori, but it must have some symmetrica property such as a disc, a square or
an equilateral triangle.

Existence and multiplicity of entire solutions for fractional p-Kirchhoff equations

Patrizia Pucci

Università degli Studi di Perugia

patrizia.pucci@unipg.it

The purpose of this talk is mainly to investigate the existence of entire solutions of the stationary
Kirchhoff type equations driven by the fractional p–Laplacian operator in RN . By using variational
methods and topological degree theory, we prove multiplicity results depending on a real parameter
λ and under suitable general integrability properties of the ratio between some powers of the weights.
Finally, existence of infinitely many pair of entire solutions is obtained by genus theory. Last but
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not least, the paper covers a main feature of Kirchhoff problems which is the fact that the Kirchhoff
function M can be zero at zero. The results are therefore new even for the standard stationary
Kirchhoff equation involving the Laplace operator.

Dislocation dynamics in crystals: nonlocal effects, collisions and relaxation

Enrico Valdinoci

Weierstrass-Institüt für Angewandte Analysis und Stochastik, Berlin

enrico.valdinoci@wias-berlin.de

We consider an evolution equation arising in the Peierls-Nabarro model for crystal dislocations.

At a macroscopic scale, the dislocations have the tendency to concentrate at single points of the
crystal, where the size of the slip coincides with the natural periodicity of the medium. These
dislocation points evolve according to a possible external stress and an interior potential. The
potential is either repulsive or attractive, according to the orientations of the dislocations. In case of
attractive potentials, collisions (and in fact also multiple collisions) may occur. The collision time
may be estimated in concrete situations. Though at the collision time the system has not reached a
steady state, shortly after it relaxes exponentially fast.

At a first glance, the physical problem seems of purely local nature. Nevertheless, the leading order
of the diffusion along the slip line turns out to be a nonlocal integrodifferential operator, therefore
the results are obtained by using sliding methods and maximum principles in a fractional framework.

Pointwise estimates for degenerate and singular parabolic equations

Vincenzo Vespri

Università degli Studi di Firenze

vespri@math.unifi.it

In his seminal paper Moser, after stated the Harnack estimates, focused his attention on Harnack
estimates at large. More specifically he proved that there exist two positive constants A and a such
that, for any x and y in RN , for any 0 < s < t < T and for any nonnegative solution of

ut =

N∑
i,j=1

Di(aij(x, t)Dju) in RN × (0;∞),

we have

u(t, y) ≥ u(s, y)

(
s

t

)a
e
−A

(
1+
|x−y|2

t−s

)
.

Let us remark that in the x variable we have the well known exponential behavior of the fundamental
solution, whereas in the t variable we have a power like decay, which is not the optimal one.

He proved these estimates by using a technique called ’Harnack chain’ that consists in iterating the
Harnack estimates. This technique produces non optimal estimates.

By using different techniques many Authors proved sharp estimates from above and from below.
Among them we quote Li and Yau.

They actually proved this Gaussian estimate for the heat kernel pt(x, y) on any complete Riemannian
manifold M with non-negative Ricci curvature. We recall that the Gaussian estimate is equivalent
to a parabolic Harnack inequality. For a proof see the very interesting paper by Fabes & Stroock,
where they use the Nash’s ideas to prove sharp estimates on the kernel.

Sharp estimates were proved by several Authors for different linear operators and in different
contexts. Among them we quote the importan contributions due to Coulhon, Grigor’yan, and
Saloff-Coste.
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For its flexibility the Harnack chain method can be used in the study of degenerate parabolic
equations of p-Laplacian or porous medium type. The first result was proved by Auchmuty & Bao.
It was afterwards extended in a paper by Gianazza & Polidoro.

To find sharp estimates at large for the nonlinear case requires a technique more sophisticated
than the Harnack chain. The first pioneering paper in such a direction is due to DiBenedetto,
Gianazza & Vespri where the De Giorgi techniques are heavily used. This approach was exploited
in two papers by Ragnedda, Vernier-Piro & Vespri, Calahorrano & Vespri where sharp
pointwise upper and lower estimates for nonnegative solutions to singular parabolic p-Laplacian type
equations were proved.

In a recent paper, Bögelein, Ragnedda, Vernier-Piro & Vespri establish similar estimates in
the framework of degenerate parabolic equations. In this context, degenerate equations are more
difficult to treat than singular ones. The extra difficulty relies on the fact that for singular equations,
the speed of propagation of the support is infinite, while, for degenerate equations, it is finite. This
means that solutions have a compact support at any time t > 0, and therefore the size of the support
and the free boundaries need to be controlled. This difficulty appears also from the region where
the estimates hold. Quite surprisingly, it is nor the geometry induced by the Barenblatt solution
neither a classical p-parabola, but a combination of these two ”natural” geometries. We prove that
this region is optimal.

As a consequence, these pointwise estimates imply existence results and sharp estimates on the
fundamental solutions.This implies that any degenerate parabolic operator of p-Laplacian type
admits a fundamental solution. Moreover, given any fundamental solution in this class of degenerate
parabolic equations, it isi posssible to prove estimates, from below and from above, in terms of the
explicit Barenblatt solution of the prototype equation, i.e. the p-Laplacian equation. This means
that the pointwise behavior of any fundamental solution is substantially the one of the Barenbaltt
solution.

A fully parabolic Keller-Segel system with logistic source term

Giuseppe Viglialoro

Università degli Studi di Cagliari

giuseppe.viglialoro@unica.it

This contribution is concerned with the following problem,

(2)


ut = ∆u− χ∇ · (u∇v) + g(u), x ∈ Ω, t > 0,

τvt = ∆v − v + u, x ∈ Ω, t > 0,

uν = 0, vν = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x) ≥ 0 and v(x, 0) = v0(x) ≥ 0,

in a smooth and bounded domain Ω ⊂ Rn (n ≥ 1), where g(u) = au− µuα, with a, µ, τ, χ > 0 and
α > 1.

Our main goal is to generalize the results obtained in [1], where the aforementioned system is
considered under the assumption τ = 0. Specifically, in line with this paper, we first introduce the
concept of very weak solutions (u, v) for (2) and then we discuss how existence and regularity results
of such solutions are connected to the power α of the source term g(u).
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